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A CLASS OF GENERALIZED COMPLEX HERMITE POLYNOMIALS
ALLAL GHANMI
Abstrat. A lass of generalized omplex polynomials of Hermite type, suggested by a speial
magneti Shrödinger operator, is introdued and some related basi properties are disussed.
1. Introdution
Let C be the spae of omplex numbers z = x+ iy; x, y ∈ R, and denote by ∂/∂z and ∂/∂z∗
the derivation with respet to the variable z and its onjugate z∗, respetively; i.e.,
∂
∂z
=
1
2
( ∂
∂x
− i ∂
∂y
)
and
∂
∂z∗
=
1
2
( ∂
∂x
+ i
∂
∂y
)
.
For given xed ν > 0 and ξ ∈ C, we set Sν,ξ = Sν,ξ(z) = νz + ξ and then onsider the ellipti
selfadjoint seond order dierential operator Lν,ξ given expliitly in omplex oordinate z by
Lν,ξ := −1
4
{
4
∂2
∂z∂z∗
+ 2(Sν,ξ
∂
∂z
− S∗ν,ξ
∂
∂z∗
)− |Sν,ξ|2
}
. (1.1)
Note that for ξ = 0, it gives rise to the speial Hermite operator Lν (alled also twisted
Laplaian),
Lν = −1
4
{
4
∂2
∂z∂z∗
+ 2ν(z
∂
∂z
− z∗ ∂
∂z∗
)− ν2|z|2
}
,
whih desribes in physis a nonrelativisti quantum partile moving on the plane under the
ation of an external onstant magneti eld applied perpendiularly. The assoiated eigen-
funtions are known to be expressible in terms of the omplex Hermite polynomials [3, 4, 2℄,
Hm,n(z, z∗) := (−1)m+ne|z|2 ∂
m+n
∂zn∂z∗m
e−|z|
2
. (1.2)
Suh polynomials form a omplete orthogonal system of the Hilbert spae L2(C; e−ν|z|
2
dλ),
where dλ being the Lebesgue measure on C, and appear as an essential tool in many area of
mathematis and physis. They have been studied by many authors, notably by Shigekawa [3℄,
Thangavelu [4℄, Wünshe [5, 6℄, Dattoli [1℄ and more reently by Intissar and Intissar [2℄.
Our aim in the present paper is to disuss some basi properties of a general lass of om-
plex polynomials Gm,nν (z, z
∗|ξ) of Hermite type suggested by the Laplaian Lν,ξ suh that the
assoiated funtions
gm,nν (z, z
∗|ξ) = e− 12 z∗Sν,ξGm,nν (z, z∗|ξ),
are solutions of the eigenvalue problem Lν,ξψ = µψ, for ψ ∈ C∞(C) and µ ∈ C. More pre-
isely, we show that the involved polynomials satisfy the Rodriguez type formula (2.7) and an
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be expressed as binomial sum of the omplex Hermite polynomials (1.2), see identity (3.1).
Other properties of these polynomials suh as three-term reursion relations and dierential
equations whih they obey are obtained in Setion 3. Also the generating funtion as well as
the expliit series expansion and representation by the means of the onuent hypergeometri
funtion, Laguerre and omplex Hermite polynomials are derived (Setion 4). Furthermore,
the weak orthogonal property of these polynomials is disussed and their norms are expliitly
determined (Setion 5). We onlude by giving some new identities for the usual omplex Her-
mite and Laguerre polynomials and by illustrating some obtained results making use of matrix
representation (Setion 6).
2. A Rodriguez type formula for Gm,nν (z, z
∗|ξ)
In this setion we introdue the polynomials Gm,nν (z, z
∗|ξ) using a lassial approah (see for
instane [4℄). For xed ν > 0 and ξ ∈ C, we denote by Aν,ξ and A∗ν,ξ the rst order dierential
operators given respetively by
Aν,ξ =
∂
∂z∗
+
1
2
Sν,ξ and A
∗
ν,ξ = −
∂
∂z
+
1
2
S∗ν,ξ,
where Sν,ξ(z) = νz + ξ. Then, one hek easily the following algebrai relationships
Aν,ξA
∗
ν,ξ = Lν,ξ +
1
2
ν, A∗ν,ξAν,ξ = Lν,ξ −
1
2
ν. (2.1)
Hene, it an be shown that the null spae, ker(Aν,ξ) = {ψ ∈ C∞(C); Aν,ξψ = 0}, of the operator
Aν,ξ oinides with the eigenspae
E0(Lν,ξ) :=
{
ψ ∈ C∞(C); Lν,ξψ = ν
2
ψ
}
,
and therefore the funtions ψmν,ξ(z, z
∗) given expliitly by
ψmν,ξ(z, z
∗) := zme−
1
2
z∗Sν,ξ = zme−
1
2
(ν|z|2+ξz∗); m = 0, 1, 2, · · · , (2.2)
span linearly E0(Lν,ξ). Moreover, the funtions
gm,nν (z, z
∗|ξ) :=
[
[A∗ν,ξ]
nψmν,ξ
]
(z, z∗), (2.3)
are eigenfuntions of Lν,ξ with (the Landau levels) ν(n +
1
2
); n = 0, 1, 2, · · · , as orresponding
eigenvalues. The involved operator [A∗ν,ξ]
n
is given by
[A∗ν,ξ]
nϕ = (−1)ne 12zS∗ν,ξ ∂
n
∂zn
[
e−
1
2
zS∗
ν,ξϕ
]
.
Hene, one an rewrite the funtions gm,nν (z, z
∗|ξ) as follows
gm,nν (z, z
∗|ξ) = (−1)ne− 12z∗Sν,ξeν|z|2+ℜe〈z,ξ〉 ∂
n
∂zn
(
zme−ν|z|
2−ℜe〈z,ξ〉
)
(2.4)
= (−1)ne− 12z∗Sν,ξeν|z|2+ ξ
∗
2
z ∂
n
∂zn
(
zme−ν|z|
2− ξ
∗
2
z
)
(2.5)
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and introdue Gm,nν (z, z
∗|ξ) to be the polynomial of degree m in z and degree n in z∗ dened
by
Gm,nν (z, z
∗|ξ) = e 12z∗Sν,ξgm,nν (z, z∗|ξ)
= (−1)neν|z|2+ ξ
∗
2
z ∂
n
∂zn
(
zme−ν|z|
2− ξ
∗
2
z
)
. (2.6)
Thus, we have
Proposition 2.1. The polynomials Gm,n(z, z∗) satisfy the following Rodriguez type formula
Gm,nν (z, z
∗|ξ) = (−1)
m+n
νm
eν|z|
2+ ξ
∗
2
z ∂
m+n
∂zn∂z∗m
(
e−ν|z|
2− ξ
∗
2
z
)
. (2.7)
The above expression an serves as denition for this lass of omplex polynomials of Hermite
type.
Denition 2.2. We all Gm,nν (z, z
∗|ξ) redened by (2.7) generalized omplex Hermite polyno-
mials (GCHP).
Remark 2.3. For ξ = 0 and ν = 1, the polynomials Gm,n1 (z, z
∗|0) redue further to the omplex
Hermite polynomials Hm,n(z, z∗) as given by (1.2).
3. Related basi properties
In this setion we investigate some properties of the polynomials Gm,nν (z, z
∗|ξ) introdued
above. We begin with the following
Proposition 3.1. The polynomials Gm,nν (z, z
∗|ξ) satisfy the following identity
Gm,nν (z, z
∗|ξ) = n!√
ν
m
n∑
j=0
√
ν
j
j!
(ξ∗/2)n−j
(n− j)! H
m,j(
√
νz,
√
νz∗). (3.1)
Proof. The proof of (3.1) relies essentially on (2.7). Indeed, it follows by rewriting the polyno-
mial Gm,nν (z, z
∗|ξ) as
Gm,nν (z, z
∗|ξ) = (−1)
m
νm
eν|z|
2+ ξ
∗
2
z ∂
m
∂z∗m
((
νz∗ +
ξ∗
2
)n
e−ν|z|
2− ξ
∗
2
z
)
= (−1)meν|z|2 ∂
m
∂z∗m
((
z∗ +
ξ∗
2ν
)n
e−ν|z|
2
)
and next by making use of the binomial formula to expand
(
z∗ + ξ
∗
2ν
)n
.
Furthermore, we have
Proposition 3.2. The polynomials Gm,nν (z, z
∗|ξ) satisfy the following three-terms reursion
relations
Gm,n+1ν (z, z
∗|ξ) = −mGm−1,nν (z, z∗|ξ) +
(
νz∗ +
ξ∗
2
)
Gm,nν (z, z
∗|ξ), (3.2)
Gm+1,nν (z, z
∗|ξ) = −nGm,n−1ν (z, z∗|ξ) + zGm,nν (z, z∗|ξ). (3.3)
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Proof. By applying the operator (−1)n+1eν|z|2+ ξ
∗
2
z∂n/∂zn to the both sides of the following
elementary fat
∂
∂z
(zmea|z|
2+bz) = mzm−1ea|z|
2+bz + (az∗ + b)zmea|z|
2+bz
with a = −ν, b = −ξ/2, and the use of (2.7) one obtains (3.2).
Equation (3.3) holds by equating the right hand sides of
2
∂
∂ξ∗
Gm,nν (z, z
∗|ξ) = zGm,nν (z, z∗|ξ)−Gm+1,nν (z, z∗|ξ). (a)
and
2
∂
∂ξ∗
Gm,nν (z, z
∗|ξ) = nGm,n−1ν (z, z∗|ξ). (b)
The fat (a) is obtained by dierentiating both sides of the Rodriguez type formula (2.7) with
respet to ξ∗. While (b) an be handled from dierent ways, partiularly by the use of the
identity (3.1) or also from the generating funtion (4.12) given below.
Remark 3.3. i) Combination of (3.2) and (3.3) yields
(m− n)Gm,nν (z, z∗|ξ) = −zGm,n+1ν (z, z∗|ξ) + (νz∗ +
ξ∗
2
)Gm+1,nν (z, z
∗|ξ). (3.4)
From whih we dedue
zGm,m+1ν (z, z
∗|ξ) = (νz∗ + ξ
∗
2
)Gm+1,mν (z, z
∗|ξ). (3.5)
ii) By taking ξ = 0 and ν = 1 in the previous obtained reursion relations (3.2)-(3.5), one
dedue the following ones for the usual omplex Hermite polynomials [6, Eqns in (2.9)℄,
Hm,n+1(z, z∗) = z∗Hm,n(z, z∗)−mHm−1,n(z, z∗)
Hm+1,n(z, z∗) = zHm,n(z, z∗)− nHm,n−1(z, z∗)
(m− n)Hm,n(z, z∗) = −zHm,n+1(z, z∗) + z∗Hm+1,n(z, z∗)
zHm,m+1(z, z∗) = z∗Hm+1,m(z, z∗).
Now, using (3.2) and (3.3), one an show that the polynomials Gm,nν (z, z
∗|ξ) obey seond and
rst order dierential equations. Namely, we have
Proposition 3.4. The polynomials Gm,nν (z, z
∗|ξ) are solutions of the following seond order
dierential equations
− ∂
2
∂z∂z∗
+ νz
∂
∂z
= νm and − ∂
2
∂z∂z∗
+ (νz∗ +
ξ∗
2
)
∂
∂z∗
= νn. (3.6)
Therefore, they satisfy the rst order dierential equation
νz
∂
∂z
− (νz∗ + ξ
∗
2
)
∂
∂z∗
= ν(m− n). (3.7)
Proof. To get the rst equation in (3.6), we dierentiate (3.3) w.r.t. the variable z and next
use the well established fats
∂
∂z
Gm+1,nν (z, z
∗|ξ) = (m+ 1)Gm,nν (z, z∗|ξ) (c)
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and
nνGm,n−1ν (z, z
∗|ξ) = ∂
∂z∗
Gm,nν (z, z
∗|ξ). (d)
The seond equation in (3.6) an be handled in a similar way making use of (3.2). It an also
be obtained from the fat that the funtions
gm,nν (z, z
∗|ξ) = e− 12 z∗Sν,ξGm,nν (z, z∗|ξ); m = 0, 1, 2, · · · , (3.8)
are eigenfuntions of the magneti Shrödinger operator Lν,ξ given by (1.1) with ν(n +
1
2
) as
assoiated eigenvalues.
Remark 3.5. From Eqns (b) and (d), we dedue that
∂
∂z∗
Gm,nν (z, z
∗|ξ) = 2ν ∂
∂ξ∗
Gm,nν (z, z
∗|ξ). (3.9)
4. Expansion series and relationship to some speial funtions
We begin by realizing the polynomials Gm,nν (z, z
∗|ξ) as iteration of the monomial zm via a
rst order dierential operator. Preisely, we have
Proposition 4.1. The polynomials Gm,nν (z, z
∗|ξ) are the exited states of zm by the rst order
dierential operator − ∂
∂z
+ νz∗ + ξ
∗
2
. Preisely(
− ∂
∂z
+ νz∗ +
ξ∗
2
)n
(zm) = Gm,nν (z, z
∗|ξ). (4.1)
Proof. The above assertion follows by suessive appliation of the following fat(
− ∂
∂z
+ νz∗ +
ξ∗
2
)
Gj,kν (z, z
∗|ξ) = Gj,k+1ν (z, z∗|ξ) (4.2)
with j = m and k = 0, keeping in mind that Gm,0ν (z, z
∗|ξ) = zm. Note here that (4.2) is in fat
equivalent to the reursion relation (3.2) thanks to Eqn. ().
Remark 4.2. The result (4.1) is similar to the one obtained in [2, Eqn. (2.2)℄ for the omplex
Hermite polynomials Hm,n(z, z∗).
Therefore, for every positive integers m,n, we dedue easily from (4.1) (or also (2.7)) that
Gm,0ν (z, z
∗|ξ) = zm (4.3)
G0,nν (z, z
∗|ξ) =
(
νz∗ +
ξ∗
2
)n
. (4.4)
Also for every given integers m ≥ 1 and n ≥ 1, one obtain
Gm,1ν (z, z
∗|ξ) = zm−1
[
z
(
νz∗ +
ξ∗
2
)
−m
]
(4.5)
G1,nν (z, z
∗|ξ) =
(
νz∗ +
ξ∗
2
)n−1[
z
(
νz∗ +
ξ∗
2
)
− n
]
. (4.6)
More generally, the expansion series of the GCHP is given by
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Proposition 4.3. Denote by m g n the minimum of m and n. Then
Gm,nν (z, z
∗|ξ) = m!n!
mgn∑
j=0
(−1)j
j!
zm−j
(m− j)!
(νz∗ + ξ
∗
2
)n−j
(n− j)! (4.7)
= m!n!νn
mgn∑
j=0
n−j∑
k=0
(−1/ν)j
j!
zm−j
(m− j)!
z∗k
k!
(ξ∗/2ν)n−j−k
(n− j − k)! (4.8)
whih we rewrite also as
Gm,nν (z, z
∗|ξ) =(−1)mm!n! ν
n
νm
× (4.9)
×
m∑
l=m−(mgn)
l+n−m∑
k=0
(−ν)l
(m− l)!
zl
l!
z∗k
k!
(ξ∗/2ν)n−m+l−k
(n−m+ l − k)! .
Proof. Suh expansion series an be obtained by diret omputation using (4.1) or also (2.6)
together with the appliation of the Leibnitz formula for the n
th
derivative of a produt.
Remark 4.4. The monomial of the lowest degree in the expansion above of Gm,nν (z, z
∗|ξ) is
(−1)mgn (muprise n)!|m− n|!
(ξ∗
2
)n−(mgn)
zm−(mgn),
where m uprise n denotes the maximum of m and n, so that the analogue of the Hermite numbers
for these polynomials are
Gm,nν (0, 0|ξ) =


0 if m > n
(−1)mm! if m = n
(−1)mn! (ξ∗/2)n−m
(n−m)!
if n > m
. (4.10)
We onlude this setion by pointing out, from (4.7), that the polynomials Gm,nν (z, z
∗|ξ) are
linked to the omplex Hermite polynomials by
Gm,nν (z, z
∗|ξ) = Hm,n(z, νz∗ + ξ
∗
2
) = hm,n(z, νz
∗ +
ξ∗
2
| − 1), (4.11)
where the notation hm,n(z, z
∗|τ) is used by Dattoli in [1℄ to mean
hm,n(z, z
∗|τ) := m!n!
mgn∑
j=0
τ j
j!
zm−j
(m− j)!
z∗n−j
(n− j)! .
We should note here that the most established properties of the polynomials Gm,nν (z, z
∗|ξ)
an be dedued formally by replaing z∗ by νz∗ + ξ
∗
2
in the dierent known properties of
Hm,n(z, z∗) = hm,n(z, z
∗| − 1). But in general there is no reason to the obtained results be a
strit onsequene of the presription z∗ ! νz∗ + ξ
∗
2
. Nevertheless, one an dedue from [1,
Eq. (31)℄ the following generating funtion, whih an be handled diretly using the Taylor
expansion series of the funtion on the right hand side.
Proposition 4.5. We have
∞∑
m=0
∞∑
n=0
um
m!
vn
n!
Gm,nν (z, z
∗|ξ) = euz+v(νz∗+ ξ
∗
2
)−uv
(4.12)
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Furthermore, using the dependene (4.11) (or Eqn. (4.1)) together with the fat [2, Eqn. (2.3)℄,
one an hek that the Gm,nν (z, z
∗|ξ) an be written also in terms of the onuent hypergeometri
funtion 1F1(a; c; x),
1F1(a; c; x) =
Γ(c)
Γ(a)
∞∑
k=0
Γ(a+ j)
Γ(a+ j)
xj
j!
as follows
Proposition 4.6. We have
Gm,nν (z, z
∗|ξ) = (−1)
mgn(m g n)!
|m− n|! z
(muprisen)−n(νz∗ +
ξ∗
2
)(muprisen)−m×
× 1F1(−(m g n); |m− n|+ 1; ν|z|2 + ξ
∗
2
z). (4.13)
Remark 4.7. Using the known fat
1F1(−s; c+ 1; x) = Γ(s+ 1)Γ(c+ 1)
Γ(s+ c+ 1)
Lcs(x) : s = 0, 1, 2, · · · ,
one an express the polynomials Gm,nν (z, z
∗|ξ) in terms of the Laguerre polynomials Lcs(x) as
Gm,nν (z, z
∗|ξ) = (−1)mgn(m g n)!z(muprisen)−n(νz∗ + ξ
∗
2
)(muprisen)−m×
× L|m−n|mgn (ν|z|2 +
ξ∗
2
z). (4.14)
5. Weak orthogonality.
Denote by dλ the Lebesgue measure on C. Let ω be a positive weighting funtion on C and
dene 〈f, g〉ω by
〈f, g〉ω :=
∫
C
f(z)[g(z)]∗ω(z)dλ(z). (5.1)
Then, we state
Proposition 5.1. Suppose that the system {Gm,n := Gm,nν (·, ·|ξ)}∞n=0 satises the weak orthog-
onal property 〈
Gm,n,Gj,k
〉
ω
= 0, whenever n 6= k. (5.2)
Then the following identities hold〈
zGm,n,Gj,k
〉
ω
= 0; k 6= n and k 6= n− 1 (5.3)〈
zGm,n,Gj,n
〉
ω
=
〈
Gm+1,n,Gj,n
〉
ω
(5.4)〈
zGm,n+1,Gj,n
〉
ω
= (n + 1)
〈
Gm,n,Gj,n
〉
ω
(5.5)
Remark 5.2. Note that one obtains by onjugation similar identities to (5.3), (5.4) and (5.5)
with z∗ instead of z.
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Proof of Proposition 5.1. By multiplying both sides of the three-term reursion relation (3.3),
Gm+1,n(z, z∗|ξ) = zGm,n(z, z∗|ξ)− nGm,n−1(z, z∗|ξ),
by [Gj,k]∗ and integrating over the whole C w.r.t. ωdλ, we get〈
Gm+1,n,Gj,k
〉
ω
=
〈
zGm,n,Gj,k
〉
ω
− n〈Gm,n−1,Gj,k〉
ω
. (5.6)
Next, using the weak orthogonality assumption (5.2), together with (5.6), we dedue easily
the rst one (5.3). Identities (5.4) and (5.5) are obtained by taking respetively k = n and
k = n− 1 in (5.6) and applying again (5.2).
Thus, making use of the reursion relation (3.2) as well as of the above obtained identities,
under the assumption (5.2), one gets the following
ν
〈
Gm,n,Gj+1,n
〉
ω
+
ξ∗
2
〈
Gm,n,Gj,n
〉
ω
= m
〈
Gm−1,n,Gj,n
〉
ω
(5.7)
ν
〈
z∗Gm,n,Gj,n+1
〉
ω
=
〈
Gm,n+1,Gj,n+1
〉
ω
(5.8)
ν(n+ 1)
〈
Gm,n,Gj,n
〉
ω
=
〈
Gm,n+1,Gj,n+1
〉
ω
. (5.9)
As onsequene (together with the use of Proposition 5.1), we obtain useful identities for the
norms. More preisely, we have
Proposition 5.3. Assume the weak orthogonality assumption (5.2) to be satised by the set
{Gm,n := Gm,nν (·, ·|ξ)}∞n=0 for every xed integer m. Then we have
i)
∥∥Gm,n+1∥∥2
ω
= νn+1(n+ 1)!
∥∥Gm,0∥∥2
ω
. (5.10)
ii)
ξ∗
2
〈
Gm,n,Gm−1,n
〉
ω
= νnn!
(
m
∥∥Gm−1,0∥∥2
ω
− ν∥∥Gm,0∥∥2
ω
)
. (5.11)
iii) The onsidered system is orthogonal if and only if ξ = 0.
Proof. Putting j = m in (5.9) infers
ν(n + 1)‖Gm,n‖2ω =
∥∥Gm,n+1∥∥2
ω
.
Hene repeated appliation of the previous fat yields∥∥Gm,n+1∥∥2
ω
= νl+1(n+ 1)n · · · (n+ 1− l)∥∥Gm,n−l∥∥2
ω
for every positive integer l ≤ n. In partiular for l = n we get the asserted result (5.10). While
the result (5.11) in ii) holds by substitution of (5.10) in
ν‖Gm,n‖2ω +
ξ∗
2
〈
Gm,n,Gm−1,n
〉
ω
= m
∥∥Gm−1,n∥∥2
ω
, (5.12)
that follows from (5.7) for the speied value j = m− 1.
For iii) suppose that {Gm,n}∞m,n=0 is orthogonal, i.e.,
〈
Gm,n,Gj,k
〉
ω
= 0 whenever m 6= j or
n 6= k. Then (5.7) redues further for j = m to ξ∗
2
‖Gm,n‖2ω = 0, and therefore ξ = 0. The
onverse is obvious, indeed for ξ = 0, the polynomials Gm,n redue to the omplex Hermite
polynomials Hm,n whih are known to form an orthogonal system w.r.t. the Gaussian measure
e−ν|z|
2
dλ.
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Remark 5.4. Aording to the lassial fat that eigenfuntions assoiated to dierent eigenval-
ues of a Hermitian operator are orthogonal, we onlude from (3.8) that for every xed positive
integerm the set {Gm,nν (·, ·|ξ)}∞n=0 is orthogonal w.r.t. the weighting funtion ω(z) = e−ℜe〈z,Sν,ξ〉.
Hene, the weak orthogonality assumption (5.2) is satised and therefore related identities (5.2)-
(5.11) hold.
Now, let denote by ‖ ‖ν,ξ the norm orresponding to ω(z) = e−ℜe〈z,Sν,ξ〉. We then assert
Proposition 5.5. The norm of the GCHP, Gm,n, w.r.t. ‖ ‖ν,ξ is given expliitly by
‖Gm,n‖2ν,ξ = m!n!pi
νn
νm+1
F(m+ 1; 1;
|ξ|2
4ν
), (5.13)
where F(a; c; x) denotes the usual onuent hypergeometri funtion.
Proof. The result in suh proposition is a partiular ase of the following Lemma, whose the
proof an be handled by straightforward omputation.
Lemma 5.6. Let Cνm,j(ξ) stands for
Cνm,j(ξ) :=
(−1)m+j max(m, j)!pi
νmax(m,j)+12|m−j|(|m− j|)!ξ
max(m,j)−jξ∗max(m,j)−m.
Then, we have 〈
Gm,0ν ,G
j,0
ν
〉
ν,ξ
=
∫
C
zmz∗je−ν|z|
2−ℜe〈z,ξ〉dλ(z)
= Cνm,j(ξ)F(1 + max(m, j); 1 + |m− j|;
|ξ|2
4ν
). (5.14)
Remark 5.7. i) For the partiular ase of ν = 1 and ξ = 0, we reover from (5.13) the known
fat that ‖Hm,n‖2 = m!n!pi for the omplex Hermite polynomials [2℄.
ii) By ombining (5.13) and (5.11), we onlude that
〈
Gm,n,Gm−1,n
〉
ν,ξ
=
2m!n!piνn
ξ∗νm
(
F(m; 1;
|ξ|2
4ν
)− F(m+ 1; 1; |ξ|
2
4ν
)
)
. (5.15)
iii) The expliit expression of 〈Gm,0ν ,Gj,0ν 〉ν,ξ, given through (5.14), proves (again) that the
family {Gm,nν (·, ·|ξ)}∞m,n=0 is not orthogonal w.r.t. e−ℜe〈z,Sν,ξ〉dλ.
6. Conluding remarks
6.1. Additional identities for omplex Hermite and Laguerre polynomials. We begin
with the following for omplex Hermite polynomials
Hm,n(z, νz∗ +
ξ∗
2
) =
(−1)(mgn)n!√
ν
m
n∑
j=0
√
ν
j
j!
(ξ∗/2)n−j
(n− j)! H
m,j(
√
νz,
√
νz∗) (6.1)
whih follows from (3.1) and (4.11). It yields in partiular the following one
Hm,n(z, z∗ + 1) = (−1)mgn
n∑
j=0
n!
j!(n− j)!H
m,j(z, z∗). (6.2)
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An other identity that an we derive for Laguerre polynomials is
L
|m−n|
mgn (z(νz
∗ +
ξ∗
2
)) =
(−1)(mgn)n!√
ν
m
(mg n)!
z(n−m)g0(νz∗ +
ξ∗
2
)(m−n)g0×
×
n∑
j=0
√
ν
j
j!
(ξ∗/2)n−j
(n− j)! H
m,j(
√
νz,
√
νz∗). (6.3)
It follows from (4.14) ombined with (3.1), and gives rise in partiular to
Lm−nn (zz
∗ + z) = (−1)nzn−m
n∑
j=0
Hm,j(z, z∗)
j!(n− j)! (6.4)
for m ≥ n and
Ln−mm (zz
∗ + z) = (−1)m n!
m!
(z∗ + 1)m−n
n∑
j=0
Hm,j(z, z∗)
j!(n− j)! (6.5)
for n ≥ m.
From (6.4) and (6.5) one an dedue also the following
n!(z∗ + 1)m−n
n∑
j=0
Hm,j(z, z∗)
j!(n− j)! = m!z
m−n
m∑
j=0
Hn,j(z, z∗)
j!(m− j)! , (6.6)
where we have assuming m ≥ n.
6.2. Illustration: Matrix representation. Here we illustrate some obtained results making
use of the matrix representation of a polynomial
Pm,n(z, z∗) =
m,n∑
j,k=0
pjkz
jz∗k
of degree m in z and degree n in z∗. Thus the entries of the matrix representing Pm,n(z, z∗)
are the oeients pjk (orresponding to the monomial z
jz∗k) in suh expansion, i.e.,
Pm,n(z, z∗) =
1
z
.
.
.
zm
1 z∗ · · · · · · z∗n

p00 p01 · · · · · · p0n
p10 p11 · · · · · · p1n
.
.
.
.
.
.
.
.
.
pm0 pm1 · · · · · · pmn

 .
In the sequel we onsider only the polynomials Gm,nν (z, z
∗|ξ) with m = n, so that one deals
with square matries. In this ase the polynomials Gm,mν (z, z
∗|ξ) redue further to
Gm,mν (z, z
∗|ξ) = (−1)m(m!)2
m∑
l=0
l∑
k=0
(−ν)l
l!(m− l)!
(
ξ∗
2ν
z
)l−k
(l − k)!
|z|2k
k!
, (6.7)
and one asserts that the monomials z∗j|z|2k, j 6= 0, do not appear in the expansion. Hene
Gm,mν (z, z
∗|ξ) are represented by triangular square matries [glk(ξ∗)]l,k=0,1,··· ,m, whose entries
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glk(ξ
∗) are given by
glk(ξ
∗) = (−1)m(m!)2


(−1)lνk
l!(m−l)!k!(l−k)!
(
ξ∗
2
)l−k
if k ≤ l
0 if k > l
Furthermore, one an remark that the omplex Hermite polynomials Hm,k(
√
νz,
√
νz∗), k =
m,m−1, · · · , 0, up to a preise multipliative onstant Cm,k(ξ∗), are respetively the suessive
diagonals of the polynomial Gm,mν (z, z
∗|ξ). In fat this observation is ontained in the formula
(3.1). For illustration, we onsider the ase where ν = 1 and ξ = 2 for whih (3.1) reads simply
as
G
m,m
1 (z, z
∗|2) =
m∑
k=0
m!
k!(m− k)! ·H
m,k(z, z∗). (6.8)
Added to G
0,0
1 (z, z
∗|2) = (1) the rst few of these polynomials are given by
G
2,2
1 (z, z
∗|2)
q(
-1 0
1 1
)
,
G
2,2
1 (z, z
∗|2)
q
 2 0 0−4 -4 0
1 2 1

 and
G
3,3
1 (z, z
∗|2)
q

-6 0 0 0
18 18 0 0
−9 −18 -9 0
1 3 3 1

 .
Their analogues for the omplex Hermite polynomials are H0,0(z, z∗) =
(
1
)
,
H1,1(z, z∗)
q(
-1 0
0 1
)
,
H2,2(z, z∗)
q
 2 0 00 -4 0
0 0 1

 and
H3,3(z, z∗)
q

-6 0 0 0
0 18 0 0
0 0 -9 0
0 0 0 1

 .
Hene, the omplex Hermite polynomial Hm,m(z, z∗) appears as the prinipal diagonal of its
analogue G
m,m
1 (z, z
∗|2) (whih also is the rst olumn in suh matrix representation). Indeed,
Diag
[
G
m,m
1 (z, z
∗|2)
]
= (−1)m(m!)2
(
hkk =
(−1)k
(k!)2(m− k)!
)
k=0,1,··· ,m
= Hm,m(z, z∗).
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This an be dedued also from (6.8). Further, one notes, when taking m = 3 for example, that
added to 1 ·H3,3(z, z∗) given above, we have
3 ·H3,2(z, z∗)
q

0 0 0 0
18 0 0 0
0 −18 0 0
0 0 3 0

,
3 ·H3,1(z, z∗)
q

0 0 0 0
0 0 0 0
−9 0 0 0
0 3 0 0

,
1 ·H3,0(z, z∗)
q

0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0


and therefore the omplex Hermite polynomials H3,k(z, z∗), k = 3, 2, 1, 0, are respetively the
suessive diagonals of the polynomial G
3,3
1 (z, z
∗|2).
An other fat to be signaled here is linked to the established fat in Eqn. (b),
∂
∂ξ∗
Gm,nν (z, z
∗|ξ) = n
2
Gm,n−1ν (z, z
∗|ξ),
whih an be used to obtain Gm,m−1ν (z, z
∗|ξ) from Gm,mν (z, z∗|ξ) (and in general Gm,n−1ν (z, z∗|ξ)
from Gm,nν (z, z
∗|ξ)). It is more pratiable than Eqn.(d) when the matrix representation is
used. Indeed, we have the following presription: by dropping the last olumn of Gm,nν (z, z
∗|ξ)
and next dierentiating all the entries of the obtained matrix w.r.t. ξ∗, we get the matrix
representing (m/2)Gm,m−1ν (z, z
∗|ξ). For illustration, we take for example m = 4. The sum of
the omplex Hermite polynomials Hm,k(
√
νz,
√
νz∗), k = 4, 3, 2, 1, 0, aording to (3.1), infers
the GCHP G4,4ν (z, z
∗|ξ) given by

24 0 0 0 0
−96
(
ξ∗
2
)
−96ν 0 0 0
72
(
ξ∗
2
)2
144ν
(
ξ∗
2
)
72ν2 0 0
−16(ξ∗/2)3 −48ν
(
ξ∗
2
)2
−48ν2
(
ξ∗
2
)
−16ν3 0(
ξ∗
2
)4
4ν
(
ξ∗
2
)3
6ν2
(
ξ∗
2
)2
4ν3
(
ξ∗
2
)
ν4


and therefore (from the fat
∂
∂ξ∗
G4,4ν (z, z
∗|ξ) = 4
2
·G4,3ν (z, z∗|ξ)) we get
G4,3ν (z, z
∗|ξ) =


0 0 0 0
−24 0 0 0
36
(
ξ∗
2
)
36ν 0 0
−12
(
ξ∗
2
)2
−24ν
(
ξ∗
2
)
−12ν2 0(
ξ∗
2
)3
3ν
(
ξ∗
2
)2
3ν2
(
ξ∗
2
)
ν3


.
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